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Exercise 1 (Modelling using ODEs, 8 P)
Formulate an ODE problem for each of the following settings:
(i) Given are 3 species A, B, C of animals that form a food chain: Animals
of type A are herbivore and supposed to be supplied with an infinite
resource of food, e.g., grass land. They therefore reproduce themselves
with a reproduction rate α. The animals of type B are carnivore and
hunt the animals of type A. Whenever they encounter animals of type
A they find food, can reproduce themselves with a reproduction rate
per animal A given by β and the population A therefore decreases with
a rate ρA . However, in absence of animals of type A the animals B die
with a rate δB . The species C exclusively feeds upon species B with
a reproduction rate per animal B given by γ, resulting in a reduction
of the population B by a rate ρB . In absence of animals of type B
the animals C die with a rate δC . At time t = 0 a population size
A = 30, B = 10, C = 2 is observed.
(ii) Given is a population of bacteria D in a petri dish. In an infinite dish
the bacteria could reproduce themselves proportional to the current
population size. However, in the finite petri dish, the population cannot
exceed the size of 100 and the population change is therefore not only
proportional to the current population size but also to the remaining
space (i.e., the difference to the maximum). Assume a proportionality
constant α and an initial population size of 2.
Exercise 2 (Computing solutions, implicit Euler, 7 P)
Consider the following ODE problem: Find a function u : [0, ∞] → R, such
that
u(0) = 1,
∂u
= 2u,
∂t

for t ∈ (0, ∞).

Consider to compute the discrete solution u∆t (t) at time t = 1 using the
discrete points tk := k∆t (k = 0, 1, 2, ...) with 0 ≤ tk ≤ 1 and the implicit
Euler method.
(i) What is the exact solution u(t) for this problem? What is the exact
value u(1)?
(ii) Provide a recursive formula computing u∆t (t + ∆t) from u∆t (t) using
the implicit Euler scheme for this ODE.
(iii) Provide an explicit formula depending on k and ∆t to compute u(k∆t)
when using the implicit Euler scheme for this ODE.
(iv) Compute the value u∆t (1), i.e., the approximate value at t = 1, for the
1
.
time step sizes ∆t = 1, 21 , 14 , 81 , 16
Exercise 3 (Consistency, implicit Euler, 5 P)
Remember that a sufficiently smooth function u : R → R allows for a Taylor
series expansion given by
u(x) =

n
X
u(k) (x0 )
k=0

k!

(x − x0 )k +

u(n+1) (ξ)
(x − x0 )n+1
(n + 1)!

around point x0 using a certain ξ between the points x and x0 .
(i) Provide the Taylor series expansion for x := t, x0 := t + ∆t, and n := 1.
(ii) Compute the consistency error τ∆t (t, u) for the implicit Euler method
and state your result as an explicit formula using ∆t, ξ and derivatives
of u.
(iii) Determine the consistency order for the implicit Euler method.

Remark: Send your answers to the questions as plain text / pdf / scanned
pages via email to practical.sim1@gcsc.uni-frankfurt.de until Monday,
7.11.2016, 10h.

